FOURIER ANALYSIS TECHNIQUES

LEARNING GOALS

FOURIER SERIES

Fourier series permit the extension of steady state analysis to general periodic
signal.

FOURIER TRANSFORM

Fourier transform allows us to extend the concepts of frequency domain to
arbitrary non-periodic inputs
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FOURIER SERIES

The Fourier series permits the representation of an arbitrary periodic signal as
a sum of sinusoids or complex exponentials

Periodic signal
The signal f (t) is periodic iff there exists T >0 such that
f()=f(+T),0Ot

The smallest T that satisfies the previous condition is called the (fundamental)
period of the signal

f(e) A o) &
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FOURIER SERIES RESULTS
If f(t)is periodic, with period T,,then f (t) can be expressed in one of the following

equivalent forms 57

: : Phasor for n-th harmonic ——

Cosine expansion — To
f(t):aO+ZDnCOS(na)Ot+Hn):aO+ZR DnDHnejnwot]

n=1 n=1

D008, =2c, =a, - |b,

f(t)= chej”“’ot Complex exponential expansion

n=—e el =cosa + jsina
f(t)=a,+ ) a,cosnw,t +> b, sinnat Trigonometric series el +e !9 = 2cosa
n=1 n=1 i —i . .
el -e 17 =2jsna
Co =y Relationship between exponential and trigonometric expansions
Forn>0

Cnejnagt 'l'C—ne_anLOt =(C, +C_p)posnant 4 j(C, —C_p)Sinnapt = 2Cq =ay = I,

an, b 2C—n =a, + an

n

If f(t)is real-valued thenc_, =(c,)

GENERAL STRATEGY:

. Approximate a periodic signal using a Fourier series

. Analyze the network for each harmonic using phasors or complex exponentials
. Use the superposition principle to determine the response to the periodic signal
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Original Periodic Signal
EXAMPLE OF

Approximation with 4 terms

2.8
QUALITY OF 2.4 -
APPROXIMATION 20
1.6 —
> £(H) 12
0.8
(a) 0.4 -

N - 0.0 - \

fy ()= chejnwo T T T T T T T T T !
n=—N N804 0004 08 12 16 20 24 28 32
(c)
Approximation with 2 terms Approximation with 100 terms
21 — 28 —
1.5 — 2.4 —
1.5 — 20—
1.2 — 1.6 —
() 0.9 ) 12 -
(.6 — 0.8 —
0.3 — 0.4 -
0.0 0.0 —
W7 T T T T T T T T 1T T T1¢ AT T T T T T T T T T ¢!
—0E8 04 0004 08 1.2 16 2.0 24 2.8 32 08 -04 0.0 04 08 1.2 16 20 24 28 3.2
2 2 100 100
fo(t) =ay+ > a,cosnwyt +> b, sinnawyt 3y *+ D a,cosnayt +> b, sinnat
n=1 n=1 4 > n=1 n=1 GEAUX




EXPONENTIAL FOURIER SERIES

Any “physicallv realizable” periodic signal, with period To, can be represented over
the interval <t <t +T; by the expression

n=co _
f)= Yo, a=2"

T

The sum of exponential functions is always a continuous function. Hence, the right
hand side is a continuous function.

Technically, one requires the signal, f(t), to be at least piecewise continuous. In that
case, the equality does not hold at the points where the signal is discontinuous

Computation of the exponential Fourier series coefficients

L+Ty n=co :
— jnat —jkagt N
tj f(t) n:Z_:OOCne x e tlITéJ'(”‘k)“’Otdt :{ 0 forn#k
' 9 T, forn=k
t,+To , L+To / n=w , ,
J'f(t)e-lkwotdt — J‘ [ chejnwotjeﬂkwotdt
L5 t \N=7
1 t+T, _
C == [ f(t)e
To t

t, is arbitray and can be chosen to make computations simpler
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LEARNING EXAMPLE | Determine the exponential Fourier series

< jnapt . 27
b(r}‘ f (t) = che ; Wy =—
n=—c To
- 0 n even 1 t,+T,
' — il jnapt
=iV T T [ f(t)e "t
?‘r | K _ﬁ: R A strategy :
| ' i | o 1. Determine T, and w,
' I R e T 2. Select a convenient t,
L =-T/2 3. Do the integration
; : : ; e
C, = 4 jv(t)e Inabt it _4 j (—V)e—ina’otdﬁi IVe J”“’Otdt—ijVe‘j”“’otdt j =2sina
T T T T3
2 2 4 4 Ta,=2n
c = Vv [e_jn%t‘—Tm _e_jn%t‘TM +e“'”“’°t‘m} Thisis for n 0l
" T(jnay) ~T/2 ~T/4 T/4] ¢,=0 inthis case
: T : T . T : T : T . T
c = V [em%(“) _e—ano(—zj _e—Jn%(4j +e—1nwo(—4j +e—1nwo(2j _emwo(él)]
JTnay,

nrzr jan . ' V B n7T
C :_{Ze 2 —2e 2 +e‘”‘”—e’””}: 4sin 7j—ZSin(nﬂ)}
n
<

GEAUX »




LEARNING EXTENSION | Determine the exponential Fourier series

n=co _
w4 To =2 o =171 f(t)= > c.e™; =21
— n=—oo T,
_I ] _I I_I _ 1 4T |
=N ~ Nt
10 1 2 3 4 > Ch T, E[ f(te dt
tl = O 1 .
A strategy:

1. Determine T, and

— 2. Select a convenient t
12 1% . 1 . 1-eg/m 1
Cn :EIV(t)dt :E{fe ’mtdt} :—ij[‘e Jmt]g = 2im : 3. Do the integration
0 0 Fornz0
Forn=0

1
C,==
0 2
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LEARNING EXTENSION

Determine the exponential Fourier series

_1 _
= _jzv(t)dt =2

4 a4
C, :f—lsjV(t)dt =é{j4e J
-2 -2

J2n77 nit

n

2]

n=co i
) =2 f()= 3 cel™; w=2"
| 3 n=—co To

1tl+T0
|_ _‘ = [ f(t)e "Mt
O A > To t,
PAe e s A strategy :

1. Determine T, and w,
2. Select a convenient t,
3.Do the integration

=2sna

7z 1 _th 2 _th
Sdt+[2e 3 dt+[de 3 dt} eld _gTia
- 1 n
J

nﬂ' I I ol e -l
C {4e 3 —4e 3 +2e 3 -2 3 +4e 3 -4e 3

nir niT NIT .2n77:|

C, = nﬂ{4sin2—m—23inm}
3 3
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TRIGONOMETRIC FOURIER SERIES 57 el =cosa + jsina
“h :T_o el? +e71 = 2cosa

fo(t) =a,+ > a,cosnaw,t +> b, sinnaw,t ei¥ — 717 = 2jsing

n=1 n=1
Co =y Relationship between exponential and trigonometric expansions
Forn>0
c. el +c_ e "' =|c +c_ )cosnapt 4 j(c, —c_,)sinnayt = 2C, =a, — jb,
an, bn 2C—n =a, + an
(4T, If f(t)is real-valued thenc_, =(c,)
i J'.I:(.t) —Jna)otdt tl+T0
To — I f(t)dt The trigonometric form permits the
' To t, use of symmetry properties of the
(4T, function to simplify the computation
a =— jf(t)cosnwot gt of coefficients
To i
2 L+T,
— [f(t)sinnaytdt
To 4 =X j f (t)at j f (t)dt
Even function symmetry f(t)=f(-t) . -
1 0 X
Odd function symmetry f(t)=—f(-t) p = [f(t)dt == f (t)ct

—X 0
4»”1/ e




TRIGONOMETRIC SERIES FOR FUNCTIONS WITH EVEN SYMMETRY

1 t,+T,
a,=— | f(t)at
tL+T, TO

a :Tg [ f(t)cosnayt ot tlz_f

0 t,
2t1+T0
b =— | f(t)Innwtdt
h = [TOsnna

0

v(t) &

To

2
a :ijf(t)cosnwotdt, n=12,...
TO 0

b

4

7 Lo |

I I I R
-4 3 -2 -1 01 2 3 4 5 6 7

_Z
n TO

—N ‘o_|

2c, = a,

C, = nr{4sin2—m—23inE
> 3 3

TRIGONOMETRIC SERIES FOR FUNCTIONS WITH ODD SYMMETRY

by

f(t)sSnnawytdt, n=12,...

_ &
Te

A)'—;I\J ‘o_|

>

TO

2 2
a,=— | f(t)dt

ol

_jbn

2c-:—n :an+jbn:>Cn =Cnh=a,

f(t)snnaytdt =0, n=12,...

} =a,,n=12,...

TO
2
a =T£ [ f(t)cosnaytdt =0, n=041,...
O‘TZ" Co =0
c,=C,=-jb,,n=12,..




FUNCTIONS WITH HALF-WAVE SYMMETRY

Examples of signals with half-wave symmetry

Each half cycle is an inverted copy of the adjacent half cycle

a,=0 There is further simplification if the function
a, =b, =0 forneven IS also odd or even symmetric
TO
4 2
a, =— [ f(t)cosnaytdt  for nodd
To 0
TO
4 2
b, = == [ f(®)sinnaytdt  for nodd
00
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LEARNING EXAMPLE | Find the trigonometric Fourier series coefficients

p This is an even function with half-wave symmetry

v even=D0b,=0,n=12,...

VO I P
2 4 2
| 0 : >
1 _L_.- |
TO
42 -
half - wave symmetry = a, =T £ f (t)cosnagtdt or n odd o, = 2T_n T =271

a, =0 for neven

T

2
V cos(2k +1)ayt dt - IV cos(2k + 1)t dt :g
T

| —

4

31 = V cos(2K + 1)yt dt

o t—n |-
(@R ey YN

4 i
T_ & sn (2k +)n
4 (2k+)mr 2
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LEARNING EXAMPLE | Find the trigonometric Fourier series coefficients

This is an odd function with half-wave symmetry

odd= a,=0;, n=012,...

TO
2
half - wave symmetry = b, = Ti [ f(®)sinnaytdt  fornodd
00
b, =0 for nodd
| Ty I 7 Use change of variable
41 44V . 2 N T. . to show that the two
By 11 =T IT—tS'”[(Zk +1)apt] dt "‘I_T—(t —EO)Sm[(Zk +Dapt]dt | integrals have the
0070 T: g same value
) . tcosat sSnat
Y, 2 w,Ty _ 7 [tsinwtdt =~ + >
T T [tsin[(2k +1)cot]dt 4 2 1 @
O 0

TO
32V | _tcos[(2k +Dat | sin[(2K +Dat] |4 0y s = &y, (2k+D7
To (2K +1)c [(2k +Deg]* |, [(2k +1)73° 2
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LEARNING EXAMPLE

Find the trigonometric Fourier series coefficients

flr) &
3. :
) f (t) ——is odd with half - wave symmet
I ) r— (t) > y ry
— odd= a,=0;, n=012,...
Ty T, :L To
"7 Fl 4 % .
half - wave symmetry = b, = [ f(@®)sinnaytadt
. 3 00
-3 4 b, =0 for nodd
T,
— ot e,
N Y I R . f

TO

4 21 .
v =— |=9n[(2k +Dwyt]dt =
g =7 | SN2k +Dat

By =+ (1—cos[(2k +1)7r]) =

(2k +) 77

T3k D Sk Dt

2z
(2k +) 71
3 [¢¢]

2 :
O f(t)=—= - 2k + et
() 2+k:0(2k +1)7TS|n( ¥ )a)o

4| >

for n odd

GEAUX »



LEARNING EXTENSION

Determine the type of symmetry of the signals

ey —

GEAUX »



LEARNING EXTENSION | Determine the trigonometric Fourier series expansion

o(r) &

4

2

To

even function = b, =0 2 2
a,=— [ f(t)at
To 5

To

I I [ [
-4 3 -2 -1 01 2 3 4 5 6 7

< »

T,=6 e
= x(2+4)=2

1 2
a, :EIZCosnaotdt +3j4cosnaotdt
30 31

2
a :ijf(t)cosnwotdt, n=12,...
TO 0
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LEARNING EXTENSION | Determine the trigonometric Fourier series expansion

v(r) &
-'— P—
| | | | | >
[
<4l 3 210 1 2 3 4 5 |6
—— —2 —
‘ _ g 7l
T, =4 %:E

1 2
a = IZCoth dt + jcoth dt, for n odd
0 2 1 2

1 2
b, = [2sin"“tdt + [sin"> tt, for n odd
’ 0 2 1 2

Half-wave symmetry

a,=b, =0

(kD7

Qg =
A2k +)

m(z - COS(Zk + 1)7T)

for n even

2
a = 4 [ f(t)cosnaytdt  fornodd
TO 0

2
q:ijf(t)sinnwotdt for n odd
TO 0

GEAUX »



Fourier Series Via PSPICE Simulation 1. PSPICE schematic

O~ Vs

1. Create a suitable PSPICE schematic
2. Create the waveform of interest

3. Set up simulation parameters Tk
4. View the results
FILE=PWL1.TXT |
LEARNING EXAMPLE i : /
VPWL_FILE in PSPICE library
Determine the Fourier Series of this piecewise linear periodic voltage source
waveform _ o
ar
s & | PartName: YPWL_FILE
4 } Name Value
x
2 Save A
E > 1 [pC [i ave Attr
g Q ACZD Change Display
g 2 I I.-g;j Delete
= =4 f FILE=PWL1.TXT
' & | QﬁEPEAT_VALUE=bUU . e .
o 2 File specifying waveforml]
| 0z 04 06 08 1 4 Bt I” Include Non-changeable Attributes 0K
. I Include System-defined Attributes Cancel
timae (5]
(a)
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Text file defining corners of piecewise
linea

—

* Piecewise Linear File for
* BECA 7 Fourier Series Example

0,0
0.1.1
023

0.3,6

0.4.3
0.5,0
0.6,-3
0.7,-6
0.8.-3

1.0.0

co

|

mments

Source voltage V)

| I N . |
L C RN o PR SR 1 S PG R i P R

0.z

0.

oe 0Gg 1 i

time ()

Use transient analysis

Transient

- Transient Analysis

Print Step:

Final Time:

No-Print Delay:

Step Ceiling: Tm

| Detailed Bias Pt.
|~ Skip initial transient solution

— Fourier Analysis
[V Enable Fourier

Fundamental
frequency (Hz)

Center Frequency: W)

Number of harmonics:

Output Vars.: |V[\~'s]

Cancel |

(a) <

GEAUX



FILE=pwl1.txt

Schematic used for Fourier series example

Vs

R1

1K

N

0

To view result:

From PROBE menu
View/Output File

and search until you find the

Fourier analysis data

Accuracy of simulation is affected by

setup parameters.

Decreases with number of cycles
increases with number of points

GEAUX »



TABLE 15.1 Fourier analysis results for Example 15.5. Fourier components of transient response V(Vs)

DC COMPONENT = —1.353267E-08

HARMONIC FREQUENCY FOURIER NORMALIZED PHASE NORMALIZED
NO. (Hz) COMPONENT COMPONENT (DEG) PHASE (DEG)

O 00N o BWON P

P o S Y e S e S T S U 'Y
oo N o1 W N B O

iy
O

20

1.000E+00
2.000E+00
3.000E+00
4.000E+00
5.000E+00
6.000E+00
7.000E+00
8.000E+o00
9.000E+00
1.000E+01
1.100E+01
1.200E+01
1.300E+01
1.400E+o01
1.500E+01
1.600E+01
1.700E+o01
1.800E+01
1.900E+o01
2.000E+o01

4.222E+00
1.283E+00
4.378E—01
3.838E—01
1.079E—o04
1.703E—o01
8.012E—02
8.016E—02
5.144E—02
1.397E—o04
3.440E—02
3.531E—02
2.343E—02
3.068E—02
3.379E—04
2.355E—02
1.309E—o02
1.596E—02
1.085E—02
2.994E—04

Total harmonic distortion = 3.378352E+01 percent

1.000E+00
3.039E—o01
1.037E—00
9.090E—02
2.556E—05
4.034E—02
1.898E—o02
1.899E—02
1.218E—02
3.310E—o05
8.149E—03
8.364E—03
5.549E—03
7.267E—03
8.003E—o05
5.579E—03
3.101E—03
3.781E—03
2.569E—03
7-092E—05

2.969E—o07
1.800E+02
—1.800E+02
4.620E—o07
1.712E=03
1.800E+02
—9.548E—06
5.191E—06
—1.800E+02
1.800E+02
—1.112E—o04
1.800E+02
1.800E+02
—3.545E—05
—3.208E—03
—1.800E-+02
2.905E—04
—5.322E—05
—1.800E+02
1.800E+02

0.000E+00
1.800E+02
—1.800E+02
—7-254E—o07
1.711E =03
1.800E+02
—1.163E— 05
2.816E—06
—1.800E+02
1.800E+02
—1.145E—04
1.800E+02
1.800E+02
—3.960E—05
—3.212E-03
—1.800E+02
2.854E—o04
—5.856E—05
—1.800E+02
1.800E+02

>
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TIME-SHIFTING > ;
series expansion

It is easier to study the effect of time-shift with the exponential

N=c0 . n=o0 . n=oo . .
f(t)= chemwot f(t-ty)= cheln%(t_to) — Z(Cne-mwoto)emwot —
n=-—oo n=—oo n=—oo
Time shifting the function only changes the phase of the coefficients
t = time shift for f (t
0 & shift for £ (t) a.T,=2n
LEARNING EXAMPLE —napt, = phase shift for c,
f(t), Ly o) n even . T, nn
— — 9" g "%l = NG =
m 2
S . >
: n=e . 0 n even
v ' V(t) = ZCVneJna)Ot — N
To T=T n=me SV g M oad
v(t) = f(t_Z)" = lo m 2
I
V T _JnE _ Y/
-+ I e —cosnE—Jsmn— .Y,
7 »> , Cv,2k+1__JE
’ v (sinngj =1
2

4| >

GEAUX »




Time shifting and half-wave periodic signals

fi(r)

Every half - wave periodic signal, f (t), with
period, T,, can be expressed as

/L (1) = f,(t) - fl(t—T—zoj
7, 31, ( T
5 f(t) Ost<-?
with fy(t) =+ .
0 Eost<T0
n=oco _
L Assume f(t)= Y c,e!"™" @ T,=2n

4| >

n=-—o

TO _ n=c _jn%-lé) Jna)ot
fl(t‘z)— > | ce e

Nn=—o0
e " =(-12)", On
O f(t)= X 2cye
k=-c0

Only the odd coefficients of fI are used

GEAUX »



LEARNING EXTENSION

It was shown before c, :E
o(r)A 271 that for v(t) 2
TO:2:>C‘)O:T_:7T 1_e—jnﬂ
0 C,=— nz0
-1 10 1 2 3 4 [
v(t-1)% compute the coefficients for v(t-1) and show that
1 ‘ ‘ they differ by a zn angle from those of v(t).

1 01 2 3 4 >

For the delayed function

iLe 1
Cog :Efv(t—l)dt =3
0

Fornz0
12 _f 12 _f — 1 —jnm -j2nm e In7 _
== [v(t-De"dt == (e "dt =5 & —€ 1-e "7
2£ (t=1) 2{ J]2m ] 12m[ ]

— A N7
C.qg—¢€ Ch
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WAVEFORM GENERATION

n=oo n=oo0 - -
_ jnagt _ janwt Time scaling does not change the
AEEE 7 (G che fat)= che values of the series expansion

n=—oco

n=-—oo
n=oo n=oo o a g = oA
)= inay (t-ty) — —inayty Lajnat Time-shifting modifies the phase of
=) n:Z_:mC”e n;ogcne )e the coefficients

n=co . . If the Fourier series for f(t) is known then one can
— . to t . . . . .
flat-ty)= Z(Cne e )ejanw0 easily determine the expansion for any time-shifted

n=-co and time-scaled version of f(t)

The coefficients of a linear combination of signals are the linear combination of
the coefficients

AL
hod 2

A To
)

One can tabulate the expansions for some basic waveforms and use them to detern
the expansions or other signals ::
4 > GEAUX




TABLE 15.2 Fourier series for some common waveforms

f)

fo
A
1 bl T[]
_TO —T() + 3 d T() T() + 3 t
fo
AT,
ANAER
_E t
2 —A
f(0)
A
TO ZTO
fo
A
\ N\
_ Iy Ly Ty
2 2

& 2A
t) = —1)"** — sin nw,t
i) = 3 ("™ sin mo

S 8A L nmo
fit) = nE:l oz SN sin not
nodd
> A nmwd .
t = 2 sin e/nwo[tf(ﬁ/z)]
f ,,;_"00 s Ts
S 4A L
t) = — Sin nw,t
f(t) HEZIM @,
nodd

A A g 2
flt) = — + 7 sinoot + "22 o

neven

(Continues on the next page)

€OS N, t

GEAUX »




TABLE 15.2 (Continued)

f0)
AL T2 e
A ; f(t) - > +n;oonz,n_2€/
; add
Ty Ty g
2
f0)
A AL A
/ f(t) = > + ; o S nw,t
0 T() ZTQ t
fo

fo
A S A
A _A A
f(t) >t Z —, Sin not
TO 2T0 t
fo
Ae-(@/Tor
O A(l _ e-m) jnot
ftoy = = a + j2mn ¢
TO ZTO t

<> cewe>




LEARNING EXTENSION | Use the table of Fourier series to determine the expansions

of these functions

ONGE v, (1) 4
2 |_|'1 o 3
1 r— , | .
-1 o1 23 45 6 7 2 -1 01 2 3 4 5 i
ot From the table of Fourier series
A %) i —é Aé
inay| t _
[ 0 | . f=Y ~sn™e " W
_Tﬂ _:'Ihu'i'B B Tﬂ T,_1+B ! n=—oo nrr To 0
For v, (t)
For v, (t) V,(t) = f(t -Toz_dj
vi(t)=f(t+0/2) 5
T
A=2 T,=6,0=2 A=4,T0=3,5=Lw0=?
@ 2 . nm_inht 2 o -nzfr(t_s—l_lj
vi(t)= Y —sn—e 3 ¢y=- V. (1) = 4 Gnn7T)" a2
w=.nm 3 3 (1) nzz_oonﬂ 3
£0
Strictly speaking the value for n=0 must " . o
be computed separately. V,(t) = Z 4 Sinn”e—inﬂem?t

=onm

e_jn” = _<1)n > nz0 @




FREQUENCY SPECTRUM

The spectrum is a graphical display of the coefficients of the Fourier series.
The one-sided spectrum is based on the representation

f (t) =ay+ z Dn COS(na)Ot o Hn) =a,+ Z Re[DnD enejna)ot
n=t n=1

The amplitude spectrum displays Dn as the function of the frequency.
The phase spectrum displays the angle &, as function of the frequency.
The frequency axis is usually drawn in units of fundamental frequency

The two-sided spectrum is based on the exponential representation
fiB)= DMeeld
n=—oo

In the two-sided case, the amplitude spectrum plots /cn/ while the phase spectrum
plots UIC, versus frequency (in units of fundamental frequency)

D08, =2c,=a, - jb,

Both spectra display equivalent information

<D cewe>




LEARNING EXAMPLE The Fourier series expansion, when A=5,

is given by
£ = () + £ 5 20 40
v(t) = —SiNNapt - CoSN cwht
(t) nzle 7 Wy "2 Ght)
n odd
>
{ Determine and plot the first four terms
of the spectrum
(©) D008, =2c, =a, — |b,
D,U6, = —4—(2)— j@ =7.50-122° Dy=- 402 - 20 =2.200-102°
7l 7l O 37
D, & 0, &
iy Sy Sy Tuy
0 —20°— ‘ ‘ e
8 —40°—
] —~60°—
h— —80° —
5 ~100°
44 ~120°—
5] ~140°
' | | 1 >
Wy 3wy Swy T ) Phase spectrum

Amplitude spectrum

<D cewe>




LEARNING EXTENSION

(1)

Determine the trigonometric Fourier series and plot the
first four terms of the amplitude and phase spectra

A WNPFEL OS>

f

IDn|
0.5
0.318309
0.159155
0.106103
0.079577

>

A & A .
f(t)=—+ ) —snnawit
®=5 Zlm Wy

Arg(Dn)

0

-90
-90
-90
-90

v(t) :%+Zisin2ﬂnt

T 71N

From the table of

series

D008, =2c, =a, - jb,

0.6

0.5

0.4

0.3

0.2

0.1

D]

1 2 3 4

N




STEADY STATE NETWOK RESPONSE TO PERIODIC INPUTS

1. Replace the periodic signal by its Fourier series
2. Determine the steady state response to each harmonic
3. Add the steady state harmonic responses

H(jw) = H (jo)[e'“* 5 H (j) | D)’

— H(ja) [—
|c|eltt*6) ~clIH (jay) |elteat+orete)
| D | cos(et +8) | DI H (J&y) | cos(at +6 + ¢(a,))
Re{|D|06e'“} - Re{|D |06 H (jea) | DAcar)e™'}
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LEARNING EXAMPLE 2 1 )| = 2
|

“A=5T. = 1(ja)
v(t): A=5T,=n : —
O V,(ja)®
201 10 +

! JE—

v(1) J_F) 1 FJI: 19% v,(1) V, :%\/1

ja || -
v(t) = i (EsinZnt— 40 cosZntj 2-
Al e Vi(je) =22V (jo) = SV (j0)
n odd 2+ 4+4|w
1+2jw
4+ jdol=16+1607 | )
O(4+ j4w) =tan*w "
| 1 1 .
H(jw)=—"—= O-tantw
4+ jdw  16+16a°
. 40 .20 40 \* (20
D =a -jb =— " - — et
n =, ~ J0, o Jnn | D, | \/(nznzj +(nﬂ)
4 N7 _1n_77

0D, =180° +tan % = ~(180°  tan

40 Y (20)2 1 LNTT .
v, (t)=.|| —= | + cos(2nt +tan ——— —tan ~2n —-180°
on(!) \/(nznzj n) 16+ 64n> s 2 )

4 > GEATUX »>




LEARNING EXTENSION |Find the steady state expression for the current i(t)

i(t)
VAN ——e 00 _
10 vS(t):@+Z Llo cos2nt
vS(f)<+> F_’2Q§ —— %F n=1ﬂ(4n _1)
DO:@; D, = 48 [180°, n=1; w, =2n
¢ T 1(4n© -1
Z=1+2]-2 4
JW .\ jw _ 4  6+j2w 3+ jw
. _Vs(ja)_ _ _ Z(]C())—l'l‘ 2 —1+2+_2 —2+.2 _1+.
(jow) ==~ =Y(jwVs(jw) 2+ < Jew Jew 1T ]W
Z(jw) jw
: .1t ja
1 (j2n) =Y (j2n)D, = 1+ J_Zn D, phasor for n-th harmonic v{e) 3+ jow
3+ )2n
1
Y(0) ==
=

2
Y (j2n)=.| ;:j:z (Otan™2n - Otan(2n/3))

() =Y (0D, ~ Y.IY, I D, |cos(2nt - 0Y,)

n=1

<D cewe>




AVERAGE POWER

In a network with periodic sources (of the same period) the steady state voltage
across any element and the current through are all of the form

V(t) =Vg + ZVn cos(nayt —6,,) The average power is the
n=1 sum of the average powers

_ o for each harmonic
1(t) =l +Z|n005(nwot )
n=1
t +T

Average Power P :Ti [v(D)i (t)et

tO+T L
j V(t)i (t) =Vdc| dc +Vdcz | n CO wot _‘9in) +1 chVn %an)
Ly n=1 n=1

+ Z Zan| n, cos(ncyt = evnl) cos(napt — ‘9in2)

n,=1n,=1
0 o 0 o coS((N at—@vn +‘9in
2 Zanl n, COS(Nyapt =8, ) cos(nayt =6, ) = > Vil { M ) }

n2
n,=1n,=1 nn,= 2 | teos((N=0y)ant — (6, —6,))
totT 0O k#0 = ) =
Wy = %l_—n-:> ICOS(kC()Ot + H)dt = {T k=0 T COS(H\Q H'n) for N, =1
b "~ Average Power P =VI 4 + ZVHI i

COS(evn _el n )
n=1
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LEARNING EXTENSION | Determine the average power

v(t) =64 +36c0s(377t + 60°) — 24 cos(754t +102°)[V ] —cosa = cos(a —180°)
1 (t) =1.8cos(377t +45°) +1.2cos(754t +100°)[ A]

P = 0.5(36x1.8c0s(15°) + 24 x1.2cos(102° —180° —100°))

p= 62.59 - 28.78

=16.9W]
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LEARNING EXAMPLE | Determine the current, i(t), and the average power absorbed

i(0) by the network
o 20 mH v(t) = 42 +16.c0s(377t + 30°) +12cos(754t — 20°)[V ]

(1) (ﬁ) ==100 wF
"

. | 1 V(ja)
Z(Jw) =R+ |JLw+ | (Jw) =

(jo) j iCw (jw) Z(io)
a =377 =0

capacitor acts as open circuit (Z = )
1 1(j0)=0
1074377  i(t) =0.64sin(377t + 79.88°) + 0.75c0s( 754t — 26.49°)

V (j377) =16030°,
Z(j377) =16+ j0.020x 377 — |

160130°

1 (J377) = . : =0.64[179.88° © \/ |
16+ j7.54- j26.53 Average Power P =Vl 4 + > ”2 " cos(6,, —6,)
n=1
a =154
V (j754) =120 - 20°, b = 42(0) + 16X 064c05(49.88°) 2+ 12x0.75c05(6.49°)

Z(j754) =16+ j0.020x 754 — |
(1754) J 1104 x754

16+ '1125Do;3 = 1326 2P0 20497
J . J . 4 > GEATUX >

| (j754) =




FOURIER TRANSFORM

F(w)= [ f (e “dt ft)=[F (@el 52

F(w)=9[f(1)] f(t)=F'[F (w)]

A heuristic view of the Fourier transform

ﬂ;l\ )
,, /N /N,
T =T T T '

| I
i T
2 2 2 2
A non-periodic function can be viewed as the limit of a periodic function when the

period approaches infinity

.21 . 21T < i dw

* —t ® —t > ot 277
FCEDAT AR ROED Vo Sl | F@e o

nN=—00 Nn=—oo = W

1 TJ{Z _in2% TJ{Z _in2Z
c,=— | f(t)e T dtcT= f(t)e T dt nAw=w & |
’ -T/2 ’ ~T/2 — jf(t)ej“‘dt
T - -
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LEARNING EXAMPLE Determine the Fourier transform

A .
v(r) For comparison we show the spectrum
v of a related periodic function

¥
‘ \ v(r)
! > 14

——E 0 % g ﬁ +—f— 56 4—>»
» | 52 ) 5 0 b T, e
V(w) = [v(t)e®'dt =V [e7*dt 2 7
—oo0 ~512 sinw
5/2 - N Vo~ o
_ jadl2 _ —jadl2 _ 2
V(C()) =V —_ie_”"t =V = e Ch = T 0
Ja ~512 ja 0 —
2
. a0
N
V(w)=Vo W Ca
2 4 Vs
Ve Envelope
Z dnN_S 2t 0 ]
o 0 O o

Spectrum for T, =55
(c)

<> AT




LEARNING EXAMPLES

Determine the Fourier transform of the
unit impulse function

F(w) = Tf(t)e‘i“dt

F(a)=90f(1)]
Sifting or sampling property of
the impulse

Té‘(t —a) f (t)dt = f (a)

W] = [O(t-a)e ¥ ct =712

LEARNING EXTENSION

Determine F(a)=%[sinat]

Determine the Fourier transform of
f(t) =el®!

f(t)—jF(a))

Consider F(a)=2m(a -a,) and find
the corresponding function of time

do

f(t)= [ 2(w-awp)e’ >

f(t) =e

F (w) = F[e''] = 276(w-w,)

2m(a — ay) — 210 (a + @)

f(t) =sinayt =S - — F(w)=

2]

F(a)=jn|d(a +ay) - d(a —ap)]

<

> cewe>




TABLE 15.3 Fourier transform pairs

a(t = a)
A

eiu)ot
COS w,t

Sin w,t

e “‘u(t),a > o
el g > o
e “cosw,tu(t),a > o

e “sinw tu(t),a > o

e

2mAd ()

2md(0 — @)

(0 — 0,) + (0 + )
il ) — e —

1
a+ jo

2d
a’ + w?

jo + a
(Jo +a)* + 0

W,
(jo tra) o

>

GEAUX »



TABLE 15.4 Properties of the Fourier transform

T YT I

Af(t) AF(w) Linearity
fi(t) + (1) F.(0) + F(0)
f(at) %F(%), a>o Time-scaling
fi=1) e7F(w) Time-shifting
el f(t) Flo — ) Modulation
d"f(t) o

= (jo) F(w)

o @"F(0)
t"f(t) e do Differentiation
[ roonte = ax Fy(0)F.(0)
f(Of(F) i OOFl()()Fz(uu» — X) dx Convolution
4> GEAUX »




Proof of the convolution property

f(t)= f,(t)0 f,(t) = of f,(x) f,(t - x)dx

F(w) = Tf(t)e'j“’tdt

= of { of f,(x) f,(t - x)dx}e‘j“’tdt

—00| —00

Exchanging orders of integration

F(w) = Ojo { ojo f(x) f,(t - x)e“'“’tdt}dx

—00| —00

Change integration variable
U=t—-X=t=u+x

And limits of integration remain the same

F(w) = T { T f,(x) fz(u)e'j“’(“”)du}dx

—00| —00

F(w) = Ojo ﬁ f,(x) f,(u)e 1 “Ye 1 ®*dy

—00| —00

}dx

F(w) = T fl(x)e‘j“’xdx{ T fz(u)e'j“’“du}

F(a)=F(a)F;(a)

GEAUX »




A Systems application of the convolution property

v; (1) v, (t) = Th(t = X)v; (x)dx

The output (response) of a network can
be computed using the Fourier transform

Vi(w) H(w)  —— V() = H(0) Vi()

LEARNING EXTENSION | Use Fourier transform to determine v,(t)

V() [— 1 —,(f) From the table of transforms

I
a r _j(:}

e u(t),a >0

vi (t) =e™u(t) h(t) = e 2u(t)

(And all initial conditions are zero) A =(s+2)V,(9) |se0n="1
V(@) =H @)V, () A, = (S+DV,(8) |4 =1
1 1 Use partial fraction 1 1
= : expansion! V. () = —
jwo+2 jw+1 - o(®) jo+l jw+2

( )( + |) B Al + Az V, (t) (e_t —e‘Zt) (t)
s+2)(s s+2 s+ u
< > GEAUX >




PARSEVAL’S THEOREM
Think of f(t) as a voltage applied to a one Ohm resistor

j|f(t)| dt_j|F( W) dw p(t) =v(D)i(t) = f (t) P

By definition, the left hand side is the energy of the signal
| f (t) F=power (or energy density in time)
|F (w) P=Energy density in the frequency domain

Parseval’s theorem permits the determination of the energy of a signal in a
given frequency range

Intuitively, if the Fourier transform has a large magnitude over a frequency range
then the signal has significant energy over that range

And if the magnitude of the Fourier transform is zero (or very small) then the
signal has no significant energy in that range

<D cewe>




LEARNING BY APPLICATION Examine the effect of this low-pass filter in the
quality of the input signal

R = 20kQ
O VWA *
+ +
v;(f) = 20e-20u(f) v = () V,(a)=H(a)V;(a)
C =10 pF
o : 0
20 1 One can use Bode plots to visualize
V() =——— S the effect of the filter
Jw+ 20 H (@) = jaC  _ 1
| 1 |r jaRC+1
jaC
IH(w)(dB) A
V.()|(dB) A
’ 0 | —20 dB/decade
0 N, —20 dB/decade \
\ I
| "; >
- [
%0 e
IV, (w)|(dB) A ()
’ High frequencies in the input signal are attenuated
0 N\, —20dBidecade jn the output
|
|
| \ 40 de'dccidc The effect is clearly visible in the time domain

o

2{] (L]

(d) 4> @




EFFECT OF LOW-PASS FILTER

voltage (V)

The output signal is slower and with less energy than the input signal

| R, W— H— T— — T —

4] 0.1 0.2 "'-..

O input voltage vi(t)

<

>

o ogtput voltage vo(t) |

e S —_— — S S— —— — B R — |
| . — — N — T — S -
A N T S N S— — _— T —

I S— S — A S e —— — —_—

GEAUX »



EFFECT OF IDEAL FILTERS

>

IV (@)l

(a)

Effect of low-pass filter

H(w) 4 IV, () &

[ —

Wip

(b)

Effect of high-pass filter

H(w)l V(@)

HF HF

(c)

Effect of band-pass filter

H{w)| V,(w)l

B, “BP,

(d)

[

BE

i

Effect of band-stop filter

H(w)l IV, (@)l

¥ 3
Wpg, @

pE, © >

(e)

A

i

BP,

I_\

[

L]

BE,

(03]

BE,

L]

>

T i3]

GEAUX »



EXAMPLE AMPLITUDE MODULATED (AM) BROADCASTING
Audio signals do not propagate well in atmosphere - they get attenuated very quic|

Original Solution: Move the audio signals to a different frequency range for broadc:
The frequency range 540kHz - 1700kHz is reserved for AM modulated broadcasting

: A +(s(r)}é~;ox(m{,r) Carrier signals AM receivers pick a faint copy of v(t

Eirgc'):;zllcasted Audio signal s(t) = cos(2mf,r) f,=1000kHz; f =900kHz
v(t) =(1+ s(t))cos2rrf t
, , S(/)4
S(w) = F|cos(w,)] = md(0 — w,) + (0 + o,) L
v(1) = [1 + s(1)] cos(w 1) = cos(wt) + s(t) cos(w.r) ﬂJm 5 mL - [ (H2)

JF:CLﬁx(mfI): = (0w — w.) + (0 + w,)

E;f‘-’-‘cf + (_J_f‘-’-‘cf

s(1) cos(w t) = S(I){ } f[s(r) CDH({-}FI): = % {S(m - w,) + S(o + m{,)}

2
JF:S(I) cox(m{‘r)} = ;F:cm(mar) m.ﬁ(m{j): Nothing in audio range!
™
- E {B(m - Wg T m{,) + 3(0} + w, — m{,)

+ 3w — 0, + 0.) + 3w + 0, + 0.}

<> cnan >




V(iw) = % {28(&1 — w.) + 280 + 0,) + (0 — 0, — 0,

+ 3w+ 0, — w.) + 3w —w, + o) + 3o + 0, + ©)}

V()4

s(t) = cos(2mf,t) f,=1000kHz; f, =900kHz
v(t) =(1+ s(t))cos2rrf t

T

1/ 2

t 1//_

A P £ (kHz)

—901-900-899 >> 0 >> 899 900 901

Audio signal has been AM modulated to the radio frequency range

<D cewe>




EXAMPLE

3—-phase
source

Nonlinear

load

I-<line = U'ész

HARMONICS IN POWER SYSTEMS

TABLE 15.5 Harmonic line current content for a nonlinear load

HARMONIC MAGNITUDE (A)

Fundamental 100
1st 5
2nd 30
3rd 1
4th 10

what is the total power loss in the system?

how much of the power loss is caused by the harmonic content?

TABLE 15.6 Line power loss at the fundamental and each
harmonic frequency

HARMONIC P ine (W)

1
Pline — Rline

R

otal

Fundamental
1st
2nd
3rd
4th

2000 Harmonics account for

05 301.8W or 9.14% of the
~ total power

0.1
10

= 3[1000 + 0.5 + 90 + 0.1 + 10] = 3301.8 W <> GEAUX >




http://www.wiley.com/college/irwin/0470128690/animations/swf/15-17.swf

LEARNING BY DESIGN | “Tuning-out” an AM radio station

S(f) signal from station 1: v, (t) =[1+ s(t)] cos @t
4 signal from station 2:v,(t) =[1+ s,(t)] cosw,t
For simplicity assume s/(t) =s,(t)

f, =900kHz, f, =960kHz
» r(kHz)  Assuming both stations reach the receiver

Fourier transform of signal broadcast V\_”th equal strength;
by two AM stations signal at antenna : v, (t) = K[vy(t) + v, (t)]
Proposed tuning circuit

—20) 0 20

Ideal filter to tune out one AM station

L
V.(f) e C)\/ R
- + SI
G,(s) =
o) ( R3v(t " " @, Ry T
() i SHSTS
960 ~940 920 ~900 07/ 900 920 940 960 f (yp) 69 = v.(S) _ R (s/L)
Fourier transform of received signal v V. () R+ LS+1 (s/L)
Cs

Next we show how to design the tuning circuit
by selecting suitable R,L,C

http://www.wiley.com/college/irwin/0470128690/animations/swf/15-17Loader.swf
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Designing the tuning circuit Ideal filter to tune out one AM station

V.(f)
R _
L
G, (s) =
MRRTIANTS
! !
=960 940 —920 -900 0 900 920 940 960 f (114

Design equations i : i
gn eq Fourier transform of received signal

1
center frequency: f_=
q L I NI
bandwidth: BW :iB Frequency response of circuit
2n L A tuned to 960kHz
1.0
Design specifications |
BW < 60kHz g
f, =900kHz, or 960kHz §f 0.6
More unknowns than equations. Make E 0.4
some choices 0
BW =10kHz N
BW :LB: L =159.2uH 0
R :1OQ L (.80 (.85 (1,90 (.95 1.00 1.05 .10

Frequency (MHz)

fo =

C=196.4pF f, =900kHz
C=1726pF f,=960kHz

<D cewe>
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LEARNING EXAMPLE | An example of band-pass filter

Vg (t) = 0.1sin[277x10°t] + 0.01sin[ 277x10*t] + 0.1sin[ 277x 10°t]

noise signal hoise

Design requirement: Make the signal 100 times stronger than the noise

Stage one Stage two
5 c s
' it : I? : Proposed
.\ _V, R, | IC | two-stage
Al(Jw)_V_ MA 9 | R, : band-pass
S| ¢ l ' W/ | with two
; = L Ry C v B :
; WA _\> n %“"'*} L AN I( l N [ identical
: + ! T o—e stages
| — V_= Or' ‘L‘ i | 1 [
o) (1); - v | O v
= V V - - —T/OUt _ - 2- -~ -T-T-=-T7-===" ) =
KCL@ V. : Yo+ Va —g  A(jo) =2 =[A(jw)]
R, 1 Vs
_ _ _ C
KCL@ VA:VS Va  Vo=Va _ Va =0 Al(ja)):vo = Ry
1 1 Vg 2 |. 1
. . | jwt
jaC - JaC CR, C°RR,

<D crwe>



General form of a band -pass In a log scale, this filter
{%} @, = center frequency is symmetric around
Al |jw

1 the center frequency.
A, =gain at center frequency Hence, focus on 1kHz

G = Q
— 0P+ jw w? Q =quality factor of the filter
' ° A

v _J;(:Il?jjw Gainat w= 7‘)8 : iOQ -
A(i) = = B i
S 2 \. 1 100° "10Q
—wf H o
CR, C°RR, Design constraint
2
Equating terms one gets a set of j o After two stages
equations that can be used for design 10 = t]l;)?)(r)‘(:!se gain is
. . = imes
Design equations wg(l_léo)Jr jlc(c))f +1000 <maller
o= 1 Wy, _ 2 Q
° CJRR,|] Q CR, Since center frequency is given
1 R R this equation constrains the quality factor
== |2 -—— 2 -
Q 21/ R 2R, Solving for Q R
1+ 2> ~
1kHz, 100kHz are noise frequencies 1 10(_)Q_ =v1000=Q V10 Ry
10kHz is the signal frequency Picking R =1kQ = R, = 40kQ

We use the requirements to constraint Q @, =2/mx10" = C =2.5nF
4 > GEAUX >




1.0MHz

5000 : I |
(10. 00K, 399.30)

3750 + .
2500 | _
1250 + ]

i (1. 000K, 402.29m) (100. 00K, 413.20m)

00 . i -
100Hz 1.0KHz 10KHz 100KHz
¢ U(Uo) Frequency

Resulting Bode plot obtained with PSPICE AC sweep

4| >

GEAUX »



5.0V — ]

Filter output

obtained with
PSPICE
oV -+ —
5OV '
2.00ms 2.25ms 2.50ms 2.75ms 3.00ms
4.0\ < V(Vo) Time
i P
- (10. 00K, 3.831)
i Fourier transform of
output signal obtained
2.0V T with PSPICE
(1. 000K, 44.73m) (100. 00K, 41.48m) |
oV ’./ }\4 ./ —
100Hz 1.0KHz 10KHz 100KHz 1.0MHz
< V(Vo) Frequency
4 > GEATUX »>




EXAMPLE MULTIPLE FREQUENCY “TRAP” CIRCUIT

R
53 VWA * O BASIC NOTCH FILTER
C=< .
JLw+-——
V (W wC
Vin(?) v,() H(w) :VO( ) — J ;
L @) Ry jLw+———
= _ jaC
@,
L =L,=L,=10uH Tuned for 10kHz
A1 €= = ! = 253 puF
L 2027 2 sy =
' Ci == Gy = Gy = ' (2m)°f°L W105)(10 )
Vin(?) V,(7) C, = I — 634 WF
2 = . — = 054
L 1} L, 1} L P (2m)*(4 % 10%)(107)
o o |
G = = 2.81 pF

Multiple frequency trap (gﬂ)i(g X 108)(10—5)

Eliminates 10kHz, 20kHz and 30kHz
Fourier

< Gror



